A note on eigenvalues of ordinary di erential operators Alan Ho
In this follow-up on the work of FS] an improved condition for the discrete eigenvalues of the operator ;d 2 =dx 2 + V (x) is established for V (x) satisfying certain hypotheses. The eigenvalue condition in FS] establishes eigenvalues of this operator to within a small error. Through an observation due to C. Fe erman, the order of accuracy can beimproved if a certain condition is true. This paper improves on the result obtained in FS] by showing that this condition does indeed hold.
The theorem proven here relies on a version of WKB theory developed in FS] and applies to operators with large slowly varying potentials. For example, it applies to potentials of the form V (x) = 2 V 1 (x) for xed, smooth V 1 , with V 00 > 0, V having a local minimum, and 1. The theorem applies to more general potentials as well.
Standard WKB theory yields the statement that all eigenvalues E of the di erential operator ;d 2 =dx 2 + V (x) satisfy where , which will be de ned precisely in the theorem, plays a role analogous to . h 1 is explicitly given in FS] and is purely imaginary. For the moment however, the critical property of h l is that h l (E) = O( ;l ), and the quantity P h l (E) is O( ;1 ) in absolute value, and hence the Taylor series of log gives
) :
But if we were to carry out the same calculation to order ;3
, then since
we have
Note h 2 1 is real and therefore makes no contribution to the left-hand side of (5). Moreover, we shall show that h k is purely imaginary whenever k is odd and real whenever k is even. This reduces the left-hand side of (5) to the simpler left-hand side of (3). This improves upon (3) Theorem. Suppose we are given positive functions S(x) and B(x) on I and a potential V (x) supported o n a p ossibly unbounded interval I BVP with I I BVP . Furthermore, suppose we are given two real numbers E 0 E 1 , positive numbers " < 1=100, K > 1 and N > K " with q(E) uniquely speci ed by demanding the niteness of the limit.
Proof. Let us say that a complex function f l has the alternating parity property on the index l if it is real-valued for l even and purely imaginary for l odd. It su ces to show t h a t h l has the alternating parity property on the index l. Recall that the h l 's are inductively determined by where w kl will be investigated in more detail below. Since the construction of the elementary solutions in FS] makes it clearũ l has the alternating parity property on the index l, we have reduced the problem to showing w kl has the alternating parity property on the index k. Equivalently, letting w k (x) = P ;3k l w kl x l=2 , it su ces to show w k has the alternating parity property on the index k. Now all that is needed is to take account of the real and purely Collecting the even and oddpowers of on the left-hand side of (11) shows thatĥ kl has the alternating parity property on the index k.
Putting what we know about h # kl q # kl andĥ kl into (7) reveals that coe cients of even powers of must involve products with even total numbersof h # kl 's andĥ kl 's. Note also that the q # kl are always accompanied by even powers of . Therefore the coe cients of even powers of on the left-hand side of (7) are real. On the other hand the coe cients of oddpowers of are purely imaginary. Hence w k has the alternating parity property on the index k.
